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PaSoTa nocBHmeHa peajiH3aii;HH naSopoB cneKxpajibHbix KpaTHocTeii ^jih spro^^H- 
HecKHx Z^-fleficTBHit. ^anti flocxaTOHHbie ycjioBHa, o5ecneHHBaioiu;He naGop KpaTHo- 
cxeit BH^a {2,4, ... ,2^}. HcnojitayMbm ueTOfl, nosBOJiaex c noMombio cnei^najiBHOH 
npe;];ejibHOH npoLi;eflypbi nojiyHHTB aHajiorHHHBiii peayjiBxaT fljia nepeMeniHBaiomHX 

BH5jiHorpa4)Ha: 12 HasBaHHit. 



^^ : 1 BBe^eHHe 

^ Sap^QMSi. o peajiH3ai];HH saflanHoro no;:],MHO>KecTBa naTypajibHoro pa^a KaK MHO>Ke- 
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CTBa KpaTHOCTeH cneKTpa spro^HHecKoro flencTBHsi xopomo HSBecTHa b cneKTpajib- 

HOH TeOpHH flHHaMHHeCKHX CHCTeM C HHBapHaHTHOH MCpOH (CM. PJ,[2j). CoBpeMGHHOe 

cocTOHHHe 3T0H TeiviaTHKH H MeTOflOJiorHH nojiHO OTpa>KeHbi B He^aBHeM oGsope [3]. 
fl,Ji5i Z-fleficTBHH B [1], ^ HesaBHCHMO 6biji nojiyneH npocTeHniHii Ha6op {2}, hto 6bi- 
^ ; jio OTBeTOM Ha Bonpoc PoxjiHHa o cymecTBOBaHHH sproflHHecKoro aBTOMopcpHSMa c 
! OflHopoflHbiM cneKTpoM KpaTHOCTH flBa. ABTopbi HacT05mi,eH CTaTbH no3flHee nanijiH 
peajiH3ai],HK) Ha6opoB KpaTHOCTefi {2, 4, . . . , 2"} p^jiii Zi-/],eHCTBHH (cm. [6]). OGmne pe- 
syjibTaTbi 6bijiH npefljiojKeHbi KaTKOM h JleMannHKOM [7], /l^aHHjieHKO h Cojiomko (cm. 

mm)- 

HacTo^masi pa6oTa nocBHinena peajiH3ai],HH cncKTpajibHbix Ha6opoB KpaTHOCTH 
{2, 4, . . . , 2"^} fljiH 3pro;];HHecKHx Z^-fleftcTBHii. Hcnojibsya MCTOflbi, npefljiojKCHHbie 
B P], 3T0T pesyjibTaT mo>kho npHMCHHTb j\ji5i nocTpocHH^^ nepeMeniHBaiomero Z^- 
fleiicTBHH c TaKHMH >Ke Ha6opaMH cncKTpajibHbix KpaTHOCTeft. PeajiHii,ai],H5i oflHopofl- 
Horo cncKTpa KpaTHOCTH {2} nojiyHena nepBbiM h3 aBTopoB, ocTajibHbie pesyjibTaTbi 
coBMCCTHbie. riepeMemHBaioiuHe Z^-fleficTBHH njiaHHpyeTC5i paccMOTpcTb b OTflejibHoii 
pa6oTe. 

B CTaTbe HcnojibsoBaHbi cjie^yioiuHe o6o3HaHeHH5i: 
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T - eflHHHHHaH OKpy>KHOCTb, 

/ - TO>KflecTBeHHbiH onepaTop, 

O - onepaTop opTonpoeKi],HH na no^npocTpaHCTBO KOHCTaHT, 

{const} - noflnpocTpancTBO KOHCTaHT b L2(y, z^), 

L2(y, ly) - noflnpocTpancTBO (|)yHKi],HH L2{Y, u) Q {const}. 

Mho^kcctbo aBTOMop4)H3MOB {S^}zq'z2 npocTpaHCTBa Jle6era (X, /i), fi{X) = 1, 
Ha3biBaeTC5i 7? -deucmeueM, ecjiH sth aBTOMop(|)H3Mbi yflOBjiCTBopsiiOT CBoftcTBy: 

o S'' = S''+'' jxjia jim6Mx zi, Z2 G 

Ka>KflOMy aBTOMop4)H3My 5* OTBCHaeT onepaTop S: L2(X, /i) — L2(X, /i), 3aflaH- 
HblH 4)opMyjiOH 

{Sf){x) = f{Sx). 

rioflnpOCTpaHCTBO C C L2(X, ly) p^Jlil fleftCTBHSI {S^}z^Z'^ SIBJIHCTCH l^UKAUUeCKUM 

nodnpocmpaHcmeoM, gcjih HaHfleTC5i BCKTop h G L2(y, i^) TaKofi, hto {S^h)^^^2 = C 
BcKTop /i Ha3biBaK)T v^uKJiunecKUM eeKmopoM. 

3proflHHecKoe fleficTBHe {S^'^z^jp. hmgct npocmou cneKuip, ecjiH L2{Y, u) 5iBji5ieTC5i 

D,HKJIHHeCKHM HOflnpOCTpaHCTBOM flJI5I STOrO flCHCTBHil. 

/^eiiCTBHe {S^}z^i2 hmcct odnopodHuu cnenmp KpaniHocmu n, ecjiH npocTpancTBO 

L2{Y,h') MO>KHO npeflCTaBHTb B BHfle OpTOrOHajIbHOH CyMMbI ^^^iCi IJ,HKJIHHeCKHX 

noflnpocTpaHCTB C^, npHHCM orpaHHHeHHH namero fleftcTBHH na Cj H30Mop4)Hbi Mewipy 
co6oH. Hhcjio n npHHHMaeT 3HaHeHH5i 1, 2, . . . h oo. 

B CTaTbe flaHbi flocTaTOHHbie ycji0BH5i j^jisi Z^-fleficTBHii, o6ecneHHBaK)inHe Ha6op 

KpaTHOCTCH {2, 4, . . . , 2"}. B nepBOH HaCTH CTaTbH mm H3yHaeM Z^-/],eHCTBH5I, HMCK)- 
IHHX OflHOpOflHblH CnCKTp KpaTHOCTH /],Ba. Bo BTOpOH HaCTH CTaTbH npHBeflCHbl flOCTa- 

TOHHbie ycji0BH5i j\ji5i Z^-fleficTBHH, o6ecneHHBaK)inHe Ha6op KpaTHOCTeft {2, 4}. B Tpe- 
TbCH HacTH CTaTbH flOKa3aH ocHOBHOH pe3yjibTaT o HaGope KpaTHOCTeft {2, 4, ... , 2"}. 

HaM cjieflycT CKa3aTb o npniviepax, y/],OBjieTBop5iK)ni,Hx flocTaTOHHbiM ycjiOBHHM. 
Xopomo H3BecTH0 (sTO HBHO HC OHyGjiHKOBaHO, HO BbiTCKacT, HaHpHMcp, H3 pe3yjibTa- 

TOB pa60TbI fTTI), HTO CBOftCTBa, KOTOpbie HaKJiaflbIBaiOTC5I Ha Ka>Kflblft COMHO>KHTejIb 
B HpOH3BefleHHH {Tf . . . r^}zeZ2, 5IBJI5HOTC5I THHHHHblMH. OTCKD^a CJICflyCT Cy- 

u],ecTBOBaHHe Hy>KHoro Ha6opa. Abtopbi HjiannpyiOT H3Jio>KHTb b OT^ejibHoft pa6oTe 

HOCTpOCHHe HaCTHHHO HepeMemHBaiOni,HX KOHCTpyKH,Hft, yfl0BJieTB0p5H0n],HX flOCTaTOH- 

HbiM ycjiOBHHM. Otmcthm, hto HpH HOMoni,H HpeflCJibHoft HpoH,eflypbi, anajiorHHHoft 

TOft, HTO HCH0JIb30BajiaCb flJI5I Z-flCftCTBHft B [5] (cM. TaKJKC [12]), H0JiyHaK)TC5I HC- 

peMemHBaiou],He Z^-/],eftcTBH5i c Ha6opoM cncKTpajibHbix KpaTHOCTcft {2, 4, . . . , 2"}. 
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HenocpeflCTBGHHO k caMHM nepeMeniHBaioinHM CHCTeiviaM nejibssi npHMeHHTb ueTop, 
cjia6bix npe;],ejiOB (b CHjiy hx TpHBHajibHOCTH nocjieflHHx). Ho rpaHHi],a HsyHaeivioro 
HaMH Kjiacca fleficTBHii coflep>KHT nepeMeniHBaioiuHe cncTeMbi, KOTopbie Hacjie^yiOT 
Hy>KHbie cneKTpajibHbie CBoiicTBa. 

2 O^Hopo^Hbiii cneKTp KpaxHOCTH /i,Ba ^jin 3pro/],HHecKoro Z^- 
/i,eHCTBHa 

3proflHHecKHe Z flencTBHe c oflHopoflHbiM cneKTpoM KpaTHOCTH flBa 6bijiH nojiyne- 
Hbi B [5j , [i4j . B flajibHeHineM mm cocpeflOTOHHM nam HHTepec na Bnojine 3pro/],HHecKHx 
Z^-fleiicTBHHx: Ka>K/],biH sjieivieHT, KpoMe TO>KflecTBeHHoro, HBji5ieTC5i sproflHHecKHM. 
OTMeTHM, HTO B Hameft CHTyai],HH Ka>KflbiH TaKOH sjieMeHT 6yfleT o6jiaflaTb cbohctbom 
cjia6oro nepeMeniHBaHHsi (o6jiaflaTb nenpepbiBHbiM cneKTpoM). 

TeopeMa 1 JJa^ moso, nmodu enoAue apsoduuecKoe deucmeue {T^ x T^}zeZ'^ umcao 
odnopodHMU cnenmp KpamHOcmu dea, docmamoHHO eunoAHCHue CAedywiu^ux ycAoeuu: 

1. deucmeue {T^}z^z'^ UMeem npocmou cnenmp; 

2. deucmeue {T^}z(^i? UMcem CAa6ue npedcAU 

ail + 6if (I'O) + ciG, a2l + 62^(0'^) + csO, a^I + hf^^^^^ + €36, 

dAn HCKomopux uadopoe noAOMCumcAhuux hucca aj^bj^Cj, aj + bj + cj = 1, 
J = {1,2,3}. 

fl,Ji5i flOKasaTejibCTBa TeopeMbi naivi noHa/],o65iTca cjie;],yioiii,He BcnoMoraTejibHbie 
yTBep>KfleHH5i. 

HycTb / — ii,HKjiHHecKHH BGKTop fljiH fleficTBHH {S^}zeZ'^- CncKmpaAhHttA meopcMa 
dAJi iP'-deucmeuu yTBep>K/],aeT cymecTBOBaHHe HSOivieTpHH L2(y, i^) — > L2(T^,(j) 

TaKOii, HTO 

fl^JlSi JIK)6bIX Z = (^1,^2) G H M = (1*1,^2) £ T^- rioSTOMy flJIJ^ fleHCTBH5I {S^ <S> 

S^}zei? HaftfleTCH H30MeTpH5i ^: ^2!^ x y, z/ x z/) — > L2(T^ x T^,cr x cr) Taxa^^, hto 

fl^jisi jiK)6bix z = (^1, Z2) G Z^, M = (wi, M2) G H w = (wi, W2) G TT^. 

/]^ajiee name /^eiiCTBHe 6y/],eT paccMOTpeno b cneKTpajibHOM npeflCTaBjieHHH. 

HpocTpaHCTBO L2(T^ (8) T^, (J cr) npeflCTaBHM b bh^g npsiMOii cyMMbi flbyx noflr 
npocTpancTB Hg® Ha, r^e 

//s = {g{u, w) : g{u, w) = g{w, u)}, 
Ha = {g{u, w) : g{u, w) = -g{w, u)}. 
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JleMMa 1 /J^etlcmeue {S^ <^ S^}z&i? & npocmpaHcmee 1/2 (T^ T^, cr cr) UMeem 
cnenmp KpamHocmu dea, ecAU eunoAHenu CAedywmue ycAoeun: 

1. deUcmeue {3^}^^^^ ne UMeem e cnenmpe ducKpemHoU KOMnoHenmu (cnenmp 
Henpepueen). 

2. ospaHUHenue deUcmeuR {S^®S^}z&i? nodnpocmpaHcmeo Hg UMeem npocmoU 
cnenmp. 

JJ^OKaaamejihcmeo . 06o3HaHHM orpaHHHeHHe /],eHCTBH5i {S^®S^}z^i? no^npocTpaH- 
CTBO Hg Hepes {SI <S> '5'g}zGZ2, a na no^npocTpaHCTBO Ha Hepea {S^ <S> 5'^}zez2- 

nOKa>KeM, HTO nOflnpOCTpanCTBa Hg^Ha HHBapHaHTHbl OTHOCHTejIbHO fleilCTBHH 

{S^ ® '5'^}zeZ2, npHHeM cymecTByeT oGpaTHMbiii onepaTop F: Hg ^ Ha TaKoft, hto 

^ SI) = [SI ^ SI)F 
HHBapHaHTHOCTb no^npocTpaHCTB Hg h Ha BbiTexaeT hs hx onpeflejieHHH. TaK>Ke 

OTMeTHM, HTO Hg H Ha OpTOrOHajIbHbl. 

JJ,ji5i nocTpoeHHH onepaTopa F HaM nona^oGHTCH cjie^yioiii,He pasGneHHe MHO>Ke- 
CTBa T2 X T^. 

06o3HaHHM flHaroHajib {(w, w) : u G T^} nepes A. MnoiKecTBO x T^y A 
BHM B BH^e Q U RQ^ r^e R — npeo6pa30BaHHe CHMMexpHH OTHOCHTejibHO flnaroHajiH 
A, a Q — HeKOTopoe 6opejieBCKoe MHOJKecTBO. 

SaMenaii, hto a c'(A) = b cnjiy nenpepbiBHOCTH Mepbi a (oTcyTCTByeT ^hc- 
KpeTHaa KOMnoneHTa), onpejiejinu onepaxop F: Hg ^ Ha'. 

Fg = ixA + XQ - XRQ)g = ixQ - XRQ)g, 

r^e 4)yHKLI,HH XA, XQ H XSQ HBJIiieTCil HHflUKaTOpaMH COOTBeTCTByiOIUHX MHOJKCCTB 

A, (5 H RQ- OnepaTop F 5iBji5ieTC5i o6paTHMbiM, Tax KaK F'^g = (xq — XsqYg = g-, 
T.e. F-^ = F. 

noKa^KCM Tcnepb, ^to F{Sl ® Sf) = {S^ ^ Sa)F. ^eftcTBHTejibHO, nycTb ^jih 
jiio6oii 4)yHKLi;nn gg G Hg hmccm 

F{Sg (g) Sg)gg{u,w) = Fu^w^gg{u,w) = (xq - XRQ)u^w^gs{u,w) = 

= u^w^ixQ - XRQ)gs{u, w) = u^w^Fggiu, w) = 

= {Sl0S^a)Fgsiu,w). 

TaKiiM o6pa30M, ^eiiCTBHe {S^ S^} 5iBji5ieTC5i np5iM0H cyMMoii flByx yHHTapno 
H30Mop4)Hbix fleiiCTBHii c npocTbiM cncKTpoM. 3to osHanaeT, hto oho hmcct oflHopofl- 

HblH CHCKTp KpaTHOCTH 2. 

riycTb f Q g o6o3HaHaeT 4)yHKH,Hio - [f{u)g{w) + f{w)g{u)]. 
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JleMMa 2 JIuHeUnaR o6oAOHKa {fQg. f,g^ L2{T'^, cr)) ecwdy nAomna e npocmpan- 
cmee Hg. 

JleMMa OHGBHflHblM o6pa30M BblTGKaeT H3 TOrO, HTO npOHSBOJIbHyiO 4)yHKII,HIO 
g{u, w) G Hg MO>KHO npH6jIH3HTb KOHeHHblMH JIHHeHHblMH KOM6HHai],H5IMH npOH3- 

Be^eHHH BH^a f{u)h{w), r^e f,h ^ L2(T^,(7). 

yTBep:acfleHHe 1 Ilycmh deUcmeue {S^}z&i? o6Aadaem CAa6uM npedeAOM al -\-hS'^ 
dAR HeKomopux a,b > 0. Toada aaMUKanuw AuneiiHoii o6oaohku {S^f®S^f \ z G Z ) 
npuHadAecHcam ece eenmopu euda S^+^^f q f , dAn ecex z G 1? , t G Z. 

JloKaaameAhcmeo. 06o3HaHHM nepes C saMbiKanne jiHHeiiHOH o6ojiohkh {S^f^S^f \ z g| 
7?). HycTb {mi} : S'^' al -\- bS^. Tor^a h3 onpeflejieHHH npocTpancTBa C cjie^yeT, 
HTO BeKTopbi BHfla S^^'^if S^^'^'f npnnafljiejKaT C, fljiii Bcex z G Z^. YcTpeMMB i 
K 6ecK0He^H0CTH, nojiy^HM, hto 

= a^f®f + 2abS'^f / + b'^S'^f (g) 5^/. 

OTCiOAa 5"^/ QfeC. 

PaccMOTpHM BeKTopbi BHfla S'^^^'^ f Q S'^^ f G C H nepeftfleM k npe^ejiy. IlojiyHHM, 
^TO BeKTop 

[aS^^f + bS'^'^f) (a/ + 65^/) = abS^^^f /+ 

+0^5'"^/ / + abS'^f ^"'Z + 625'2my ^ ^my 

jie>KHT B C TaK KaK Tpn nocjieflHHx cjiaraeMbix jie>KaT b C, to sto Bepno h fljia 
52™/ /. 

AnajiorKHHO, mar 3a maroM, nojiy^HM 

S^^f Qf^Q^-^^ gcex t G Z+. 

SaMeTHM, ^To H3 S'^' y al + bS"^ BbixeKaeT 

^-rn, 2^ (a/ + bS^^y = al + bS-"^. 
ripHMeHHH anajiorHHHbiM o6pa30M nocjieflOBaTejibHOCTb {— m^}, OKOHnaTejibHO no- 

JiyHHM 

5"+'"7 QS'f eC Bcex t G Z. 
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JleMMa 3 /(eucmeue {S^ x S^}zez'^ e npocmpaHcmee Hg uMeem npocmou cneKuip, 
ecAU eunoAHCHU ycAoeun: 

1. deucmeue {S^}z(^i? UMeem npocmou cncKmp; 

2. dASi HCKomopux aj^bj > 0, j E {1,2,3}, deucmeue {S^}zeZ'^ uueem CAa6ue 
npedcAu euda 

aiI + biS^^'^\ a2l + b2S^^'^^ u a^I + bsS^^^^\ 

/JoKaaameAbcmeo. HycTb flji5i nocjieflOBaTejibHOCTeft {wi}, {ui}, {vi} BbinojiHeno 

5^' ^ aj + biS^^^^\ 5"' ^ a2l + 62*5'^°'^^ h ^ asl + b^S^^'^l 
SaMbiKaHHe jiHHeiiHOH o6ojiohkh C = {S^f S^f '■ z G 1?) co/],ep>KHTC5i b npocTpan- 

CTBe iifg, r^e / — LI,HKJIHHeCKHH BeKTOp JXR'A fleilCTBHSI {S^z(^T/2- ECJIH Mbl noKa>KeM, 

HTO npocTpaHCTBO C coflep>KHT BeKTopbi BHfla 5'^+*^*'*''/ S'^ f flji5i Bcex 2 G H 
s, t G Z, TO c yHCTOM jieMMbi 2 nojiyHHM, hto C = Hs- 

HpHMGHsiH yTBep>KfleHHe [D ^jih nocjieflOBaTejibHOCTGH w^, h -u^, nojiy^HM, hto 
BeKTopbi S^^^^'^^ f Q S^' f , S^'^^^'^^ f Q f , S^'^^^'^^ f Q S^' f npHHafljie>KaT npocTpancTBy 
C fljiH jiK)6oro z G Z^ H t G Z. 

TaK KaK BeKTopbi S^^^^'^^f 5*^/ ^jih jiioGoro z G Z^ h ^ G Z npHHa/],jie>KaT 

SaMblKaHHK) JIHHeilHOH 060JIOHKH C, TO 

= a?S'"+(^'*)/ 57 + aibiS'+^'-'^f 
+ ai6i5'^+('+i'')/ S'f + feJ^'+^'+i'*)/ S'+^^^^^f, 
^u.,+z+{t,t)f 5".+- ^ S'+^'^'\a2f + 625'^°'' V) 5"(a2/ + &25'^°''V) = 

= a^^'+^^'^V S'f + a2b2S'+^'''^f 5"+^^'^)/+ 
+ a2625'"+(*''+^)/ 57 + blS'+^'^'+^'^f 

HojiyHHM /\JIS{ JIK)6bIX Z G Z^ H t G Z, HTO 

5'^+(i'0)/ + 57 G C H (2.1) 

noflCTaBji5i5i z := z + [0, 1) R t := t — 1 B Bbipa>KeHHe ( 12. II ). nojiy^HM 

^z+{t-i,t)j ^z+{i,i)j ^ ^z+{t,t)j 5'^+(o,i) J ^ (2.3) 
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B CHjiy ( 12.21 ) ■ ( 12.31) HMeeM 

noACTaBji5iH t = 0, ±1, ±2, . . ., nojiy™ © S'f G C. 

HxaK, Mbi noKasajiH, hto flji5i jiioGoro z G h t G Z 

/],OKa>KeM, HTO BeKTopbi BHfla J ^ji5j jiK)6oro z G N npHHa/],jie>KaT C. 

TaK KaK ^"^(^-i'^)/ QS'f eCu 5^ G C, to 

+ ai6iS'"+(*'^V S'f + 6?5'-+(i>^)/ 

OTCKD^a 5^/, gz+{t-2,t) J J ^ nOBTOp5I5I 3TH paCCy>K/],eHH5I K HO- 

jiyHeHHbiM BeKTopaM, mbi nojiyHHM, hto S^+it^ht)j q s^f ^ (j p^ji^ jiK)6oro z G Z^, 

t G Z H ? G N, HTO paBHOCHJIBHO 

S^+is,t)f QS'f eC AJiH JiK)6oro z G Z2 H s, ^ G Z. 
JleMMa 3 flOKasaHa. 

floKasaTejiBCTBO TeopeMbi 1. HycTB p^jisi nocjieflOBaTejiBHOCTeii {pi}^ {qi}: {fi} npn 

Z — > OO BBinOJIHeHO 

fP^ aj + 6if (^'0) + ciG, f * ^ + 62r(°'^) + €26, 
f^^ ^a3/ + 63f(^'^) + C3e. 

06o3HaHHM Hepes L2'^(X0X) no^npocTpaHCTBO 4)yHKii,HH g{x, y) G L2(X0X, n^n), 
saBHCHinHx TOJiBKO OT oflHOH nepeivieHHOH X, T.e. g{x,y) = (j){x) G L2(X, /i). Ana- 
jiorHHHbiM o6pa30M onpe/],eji5ieTC5i no^npocTpaHCTBO L^2^{X X). HoflnpocTpaHCTBO 
L^\X X) onpeflejiaeTCH KaK npocTpancTBO 4)yHKii,HH g{x^ y) G L2(-^ X, /i), 
HMeioinHx HyjieBoe cpeflHHe no nepeMennbiM x, T.e dxaiu) d/i = On 9yo{x) d/i = 
0, r^e 5ra;o(?/) : g{xo, y), h : x g{x, yo). 

SaMeTHM, HTO HMeeT MecTO opToroHajiBHoe pa3Jio>KeHHe 

Ll{X X, /i /i) = Lf{X X) e L^^(X X) e Lf{X X). 
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KaJKflOe H3 9THX nOflnpOCTpanCTB HHBapHaHTHO OTHOCHTejIbHO flefiCTBHil {T^ (8) 

OrpaHH^eHHe fleftcTBHii {T^ T^}z&7? na cyMMy -L2^(X (8) X) h I/2^(X (8) X) hso- 
Mop4)HO cyMMe flByx fleftcTBHH {T^^z&i? B npocTpancTBe I/2(X, //). 9to orpaHH^eHne 
HMeeT oflHopoflHbiH cneKTp KpaTHOCTH 2. HenpepbiBHOCTb cneKTpa OHeBH^HbiM o6pa- 
30M BbiTeKaeT h3 HajiHHHH cjia6oro npe^ejia BHfla 

fTP' -^al + bf' 4- cB 

npn c > 0. 

OrpaHHHeHHe fleiiCTBHii {T^ ^T^jzez^ na Z/2^(X(8)X) h30mop4)ho npHMoii cyMMe 
flByx Konnii fleftcTBHii {T^ T^}^g^2. HosTOMy Tyx mm TOJKe nojiynaeM oflHopoflnyio 

KpaTHOCTb 2. 

OcTajiocb noKaaaTb, hto fleiicTBHa {T^} h {T^0T^} KaK yHHTapHbie npe/],cTaBjie- 
HH5I rpynnbi 1? /],H3'bK)HKTHbi, HTO paBHOCHjibHO OTcyTCTBHK) HeHyjieBoro onepaTopa, 
cnjieTaiomero 9th flencTBHa. IlycTb fljia Bcex z G 

jfz _ {f^^f^)J_ 

Tor^a npn m = (1,0) (anajiornHHO npn m = (0, 1)) HMeeM 

J{al + fef"') = [{al + 6f^) (8) {al + 6f^)] J 

[a/ (8) / + 6t"^ (8) t"^ - (a/ + 6r^) [al + 6f "^)] J = 

B cneKTpajibHOM npeflCTaBjieHHH fleiiCTBHe T^-^'^^ 3aMeH5ieTC5i na yMHO^KeHne na nepe- 
MeHHyio u (a T^^'-^^ - na w;). Hojiy^HM 

[(a — a^) + (6 — h^)uiU2 — ab{ui + U2)]Jf = 0. 

Oxciofla HaxoflHM oflH03HaHHoe pemeniie ui = (f){u2) ypaBHenHH [{a — o?) -\- {h — 
lP')uiU2 — ah{ui + W2)] = (npe^nojio>KHM, hto oho cymecTByeT) . AnajiorH^HO Wi = 
(I){w2). Cjie;],OBaTejibHO, || = Hxr-^/H, r/],e V - rpa4)HK anajiHTiiHecKoro OTo6pa- 
>KeHH5i 0. TaK KaK a x <7(r) = (cneKTpajibnaii Mepa fleiiCTBH5i nenpepbiBHa) , 
nojiy^aeM Jf = 0^ J = 0. 

TaKHM o6pa30M, name HcxoflHoe fleiicTBHe o6jia/],aeT oflHopoflHbiM cneKxpoM KpaT- 
HOCTH 2. TeopeMa 1 flOKa3aHa. 

3 Ha6op KpaTHOCTeii {2,4} 

PaccMOTpHM cjiyHaii, Kor^a Z^-^eiiCTBHe HMeeT Ha6op KpaTHOCTeii {2,4}. 

TeopeMa 2 /I^am moso, nmodu enoAue apsodunecKoe 1? -deucmeue {R^ <S) <S> <S> 
T^^zei? o6AadaAO nadopoM cnenmpaAhHux KpamHocmeu {2, 4}, docmamouHO eunoA- 
Henue CAedymu^ux ycAoeuU: 
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1. deilcmeuji {R^ R^}zeZ'^ u {T^ T^''}z(^i? UMewm npocmou cnenmp; 

2. dASi HCKomopux nocAedoeameAhHocmeu {wi], {ui] {i — > oo) u neKomopux hu- 
ceA flj, 6j > w j G {1, 2} eunoAHHemcji: 

fw. _^ + (1 - 6i)e, ^ ■ ^ 

'^-'^a2/+(l-a2)e, 

/JoKadameAbcmeo. HycTb o6o3HaHaeT orpaHHHeHHe /^ghctbim R^ R^ na npo- 
CTpaHCTBO, opToroHajibHoe KOHCTaHTaivi, a Vz o6o3HaHaeT T^. ^encTBHe {R^ 

R^ <S)T^ T^}z(^Z'^ H30MOp4)HO 

(1 + 2U') 0(1 + 2V') = 1 + 2U' + 2V' + 4U' 
r^e + o6o3HaHaeT npsiMyio cyMMy onepaTopoB, 1 - TO>K;],ecTBeHHbiH onepaTop na Oflr 

HOMepHOM npOCTpaHCTBG (KOHCTaHT), 2U^ := (BU^ R T.fl. (n0fl06Hbie 0603HaHeHH5I 
HCnOJIb30BajIHCb B [6j). 

HaM Haflo flOKa3aTb, hto fleHCTBH5i [/^, V^^ t/^ nonapno cneKTpajibHO p^ws'h- 
lOHKTHbi (yHHTapHbie npeflCTaBjieHHH flH3T3K)HKTHbi: HeT HenyjieBoro cnjieTeHH5i) h 
HMeiOT npocTOH cneKTp. 9to aBTOMaTHnecKH npHBOflHT k OHeBH^HOMy Ha6opy KpaT- 
HOCTeft {2,4}. 

H3 ycjiOBHH TeopeMbi HMeeivi: 

IlyCTb F - Ll,HKJIHHeCKHH BCKTOp fl^JlH ^ & G - flJIJ5 . ToFfla F ® G - LI,HKJIHHe- 

CKHii BeKTop 0V^. ^eficTBHTejibHO, npHMeH5i5i mar 3a maroM naniH npe^ejibi, 

nOJiyHHM, HTO BeKTOpbl 

F T^i't^) f (i'O)G, F f (I'l) f (i'i)G, F f r("^'")G 
jie>KaT B i],HKjiHHecKOM npocTpaHCTBe Gf<^g- CjieflOBaTejibHO, ^V'"^ HivieeT npocToii 
cneKTp. 

^H3T3K)HKTH0CTb fleftcTBHH H BbiTCKaeT H3 npocTOTbi cneKTpa U^®V^ (HHaHe 
y U^®V^ no5iBHjiacb 6bi HeTnaa KpaTHOCTb). ^H3TDK)HKTH0CTb fleiicTBHH [/^ H [/^0y^ 
flOKa3biBaeTCJ5 Tax. Ecjih 

;7V= J([/"0y"), 

TO 

^"^J = J(t/^'0y^o, 

a?J= J(a?/0 6?(f(i'O)0f(i'O))). 
TaK KaK < ai, 6i < 1, nojiyHHM || J|| = || J = 0. TeopeMa 2 flOKa3aHa. 
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4 Ha6op KpaTHOCTeii {2, 4, . . . , 2^} 



JleMMa 4 JJaji mozo, nmodu deucmeue (1 + 2Vi) ... (1 + 2Vfc) umcao e nane- 
cmee nadopa cnenmpaAhHux KpamHocmeu MHOoicecmeo {2,4,8, . . . , 2^}, docmamou- 
Ho, Hmo6u deUcmeue {1 + Vi) ® . . . ® {1 -\-Vk) umcao npocmoU cnenmp. 

^eiiCTBHTejibHO, ecjin npHMaa cyMMa 

1+1(1/1 + ... + Vk) + l(V"i (g) "14 + • • • + Vfc-i (g) Vfc) + . . . + 1^1 (g) . . . (g) Vfc 

HMeeT npocTOH cnexTp, to Bce cjiaraeMbie cneKTpajibHO flH3T.iOHKTHbi, cjie^OBaTejibHO, 
Ha6op cneKTpajibHbix KpaTHOCTeii ^jih fleiicTBHH 

1 + 2(^1 + . . . + Vfc) + 4(^1 (g) F2 + • • • + Vfc_i ®Vk)+ ... + 2^Vi® ...®Vk 
ecTb MHO>KecTBO {2, 4, 8, ... , 2^}. 

TeopeMa 3 . Bnojine apgodunecKoe deucmeue {(Tf (giTf ) (g) . . .(g)(r^(g)r^)}2ez2 UMe- 
em Ha6op cnenmpaAhHux KpamHocmeu {2, 4, 8, ... , 2^}^ ec^u eunoAHenu CAedywm^ue 
ycjioeusi: 

1. deucmeuR Tf Tf , . . . , T| T| UMetom npocmoU cneKmp, 

2. djiA Kaoicdoso i £ {1,2,. ..,A;} cyut^ecmeywm nocAedoeameAbHocmu {wl}, {"^nl 
fn — )• ooj manue, nmo UMewm Mecmo cjiedyww^ue CAa6ue cxoduMOcmu: 



fl"- a\I + {1 - a\)e, 
f<^all^il-a^)e, 

f< ^ a^T;(^'«) + (1 - a^e, 

(1-4)0 



T""^ 51/ + (1-61)6, 

f2<^4^+(l-4)0, 

Tf" ^ 6^T;(''^^ + (1 - 6^)6, 



(4.1) 



dAJi HeKomopux uuceA CLpb^j > u j = {1, . . . ,k} 



floKaaaTejibCTBO. fleiicTBHe {Tf Tf . . . T^j^eza nMeeT naSop 
KpaTHOCTeii {2, 4, 8, . . . , 2^}, ecjiH fleiicTBHe {(Tf Tf ) (f| f 2^) ... (f| 
T^)}z^i2 HMeeT npocTOH cneKTp. ^eiiCTBHTejibHO, jie&CTBue Ti®Ti b npocTpancTBe, 
opToronajibHOM KOHCTaHTaM, h30mop4)ho npiiMOH cyMMe flbyx KonHii Vi := Ti Q Ti 
(hto Mbi noKasajiH b naparpa(|)e 2), cjieflOBaTejibHO, mm Mo:aceM npHMeHHTb jieMMy 4. 

Cjia6bie npe;],ejibi o6ecne^HBaiOT h npocTOTy cneKTpa Tensopnoro nponsBeflenHH 
(ff ff) ... (f| f|) H Ha npocTpaHCTBe (L§(//) L§(//))®'= h 



10 



flHStiOHKTHOCTb pasjiH^Hbix TeHSopHbix npoHSBefleHHH, bxo;];5iiii;hx b Hero comho^kh- 
Tejieii. IlpocTOTa cneKTpa flOKasbiBaeTCii no HHflyKi],HH MeTOflOM npeflbiflymero napa- 
rpa4)a. ^jih SToro b Ka^ecTBe U paccMaTpnBaeTC5i (Tf Tf ) ... {T^-i T^-i)i a 
B KanecTBe V - npoHSBeflGHne Tf Tf . 

Cjia6bie npe^ejibi noflo6paHbi Tax, HTo6bi 6bijio jierKO noKasaTb flHS'bioHKTHOCTb 
npoH3Be;];eHHH pasjiHHHbix naSopoB TensopHbix KBa^paTOB. ^OKa>KeM, Hanpniviep, 

flHS'blOHKTHOCTb npOHSBefleHHH (ff ff ) {fl f|) H (f| f|) (f| f |) . ECJIH 

J cnjiexaeT npoHSBeflennH, T.e. 

[(Tl f|) (fa^ fg^)] J = J[{fl fi^) {f^ f|)], 

TO, yHHTbiBaii cjia6bie cxo^hmocth T["" — )■ af/, T^" ^ a^/, T^" ^ a\T^'^\ nepexo^a 
K npe^ejiaM, nojiy^HM 

(alf(alf[(I ® /) 8 (t''-"' 8 T<''»')] J = (a\f(<^fj. 

Mbi OKasajiHCb b CHTyaii;HH, Kor^a [I ®V)J = aJ^ r^e onepaTop V HMeeT nenpe- 
pbiBHbiH cneKTp, cjieflOBaTejibHO, onepaTop (/ V) TaK>Ke He HMeeT coScTBennbix 
BeKTopoB, TeM caMbiM, J = 0. OcTajibHbie cjiynaH paccMaTpHBaiOTCH anajiorHHRO. 
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